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Abstract- In this paper, we obtain the general solution and 
generalized Ulam - Hyers stability of a 2 variable AC mixed 
type functional equation 

f(2x+y,2z + w)-f(2x-y,2z-w) 

= 4[/ (x + y, z + w) - f (x - y, z - w)] - 6/ (y, w) 

using direct and fixed point methods. 
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I. INTRODUCTION 

The study of stability problems for functional 
equations is related to a question of Ulam [30] concerning 
the stability of group homomorphisms and affirmatively 
answered for Banach spaces by Hyers [9]. It was further 
generalized and excellent results obtained by number of 
authors [2], [6], [16], [20], [23]. 

Over the last six or seven deades, the above problem 
was tackled by numerous authors and its solutions via 
various forms of functional equations like additive, 
quadratic, cubic, quartic, mixed type functional equations 
which involve only these types of functional equations 
were discussed. We refer the interested readers for more 
information on such problems to the monographs [1], [5], 
[8], [10], [12], [13], [15], [17], [19], [21], [24], [25], [26], 
[27], [28], [29], [31], [32] and [33]. 

In 2006, K.W. Jun and H.M. Kim [11] introduced the 
following generalized additive and quadratic type of 
functional equation 



/ 



±x i \ + (n-2)±f(x i )= ± f(x i+Xj ) 



V i=l 



\<i<j<n 



(1.1) 

in the class of function between real vector spaces. The 
general solution and Ulam stability of mixed type additive 
and cubic functional equation of the form 

3f(x+y + z) + f(-x + y + z) + f{x-y + z) 
+ f(x+y-z) + 4[f(x) + f(y) + f(z)] 
= q_f(x+y)+f(x+z)+f(y+z)] (1.2) 



was introduced by J.M. Rassias [18]. The stability of 
generalized mixed type functional equation of the form 

f(x+ky) + f(x-ky) 

= k 2 [f(x + y) + f{x - y)] + 2(1 - k 2 )f(x) (1 .3) 
for fixed integers k and k ^ 0, ±1 in quasi-Banach spaces 
was introduced by M. Eshaghi Gordji and H. Khodaie [7]. 
The mixed type (1.3) is having the property additive, 
quadratic and cubic. 

J.H. Bae and W.G. Park proved the general solution of 
the 2- variable quadratic functional equation 

f(x+y, z + w) + f{x-y, z-w) 

= 2f(x, z) + 2f(y,w) (1.4) 
and investigated the generalized Hyers-Ulam-Rassias 
stability of (1.4). The above functional equation has 
solution 

f(x, y) =ax 2 +bxy + cy 2 (1.5) 
The stability of the functional equation (1.4) in fuzzy 
normed space was investigated by M. Arunkumar et., al 
[3]. Using the ideas in [3], the general solution and 
generalized Hyers-Ulam- Rassias stability of a 3- variable 
quadratic functional equation 

f{x+y, z + w,u + v) + f(x-y,z-w,u-v) 

= 2f(x, z,u) + 2f(y,w,v) (1.6) 
was discussed by K. Ravi and M. Arunkumar [22]. The 
solution of the (1.6) is of the form 

f(x, y, z) = ax 2 +by 2 +cz 2 + dxy + eyz + fzx ( 1 .7) 

In this paper, we obtain the general solution and 
generalized Ulam - Hyers stability of a 2 variable AC 
mixed type functional equation 

/ (ix + y, 2z + w) - f (2x - y, 2z - w) 

= 4[f(x + y,z + w)-f(x-y,z-w)]-6f(y,w) (1.8) 
having solutions 



and 



f(x,y) =ax+by 



f(x,y) = ax i +bx 2 y + cxy 2 +dy 3 



(1.9) 



(1.10) 
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In Section 2, we present the general solution of the 
(1.8). The generalized Ulam-Hyers stability using direct 
and fixed point method are discussed in Section 3 and 
Section 4, respectively. 

H. GENERAL SOLUTION 

In this section, we present the solution of the (1.8). 
Through out this section let u and V be real vector 
spaces. 

Lemma 2.1: If f :U 2 — >V is a mapping satisfying (1.8) 
and let g : U 2 — > V be a mapping given by 

g(x,x)=/(2x,2x)-8/(x,x) (II. 1) 
for all x e U then 

g(2x,2x) = 2g(x,x) (11.2) 
for all x e U such that g is additive. 

Proof: Letting (x,y,z,w) by (0,0,0,0) in (1.8), we get 

/(0,0) = 0. (JX3) 
Setting (x,y,z,w) by (0,y,0,y) in (1.8), we obtain 

f(-y-y)=-f(y,y) (n.4) 

for all yeU . Replacing (x,y,z,w) by (x,x,x,x) in (1.8), 
we arrive 

f(3x,3x) = 4f(2x,2x)-5f(x,x) (11.5) 
for all xeU ■ Again replacing (x,y,z,w) by (x,2x,x,2x) in 
(1.8) and using (II.3), (JX4) and (H.5), we have 

f(4x, Ax) = 10/(3x, 3x) - 16/(x, x) (H.6) 
for all xeU . From (II. 1 ), we establish 

g(2x,2x)-2g(x,x) = /(4x,4x)-10/(2x,2x) + 16/(x,x) (H.7) 

for all x e U ■ Using (II.6) in (II. 7), we desired our result. 

Lemma 2.2: If / :U 2 — »V be a mapping satisfying (1.8) 
and let h : U 2 -> V be a mapping given by 

M-*,*)=/(2x,2x)-2/(jc,jc) (H.8) 
for all x e (/ then 

/j(2x,2x)=8ft(x,x) (H.9) 
for all x<=U such that h is cubic. 

Proof: It follows from (H.8) that 

h(2x, 2x) - 8g(x, x) = f(4x,4x) - 10/(2x, 2x) + 16/0*, •*) 

(11.10) 

for all x<=U . Using (U.6) in (11.10), we desired our result. 

Remark 2.3: If / : U 2 — >V be a mapping satisfying (1.8) 

and let g,h:U 2 — >V be a mapping defined in (II. 1) and 
(H.8) then 

f(x,x) = Uh(x,x)-g(x,x)) (11.11) 
6 

for all xeU . 
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Lemma 2.4: If / :U 2 — >V is a mapping satisfying (1.8) 
and let t : U — >V be a mapping given by 

t(x) = f(x,x) (11.12) 
for all x e U , then t satisfies 

t(2x + y)- t(2x -y) = 4[t(x+y)-t(x- y)] -6t(y) 

(11.13) 

for all x, y e Z7 . 

Proof: From (1.8) and (11.12), we get 

t(2x + y) - t(2x - y) 
= f(2x+ y, 2x+y)- f(2x -y,2x- y) 
= 4[f(x + y,x + y) - f(x - y,x - y)] -6f(y, y) 
= 4[t(x+y)-t(x-y)]-6t(y) 
for all x,yeU. 

III. STABILITY RESULTS: DIRECT METHOD 

In this section, we investigate the generalized Ulam- 
Hyers stability of (1.8) using direct method. 

Through out this section let U be a normed space and 
V be a Banach space. Define a mapping F : U 2 -> V by 

F(x, y, z,w) = f(2x + y,2z + w)-f(2x- y, 2z - w) 
-4[f(x+y,z + w)-f(x-y,z-w)~\ + 6f(y,w) 
for all x,y,z,weU . 

Theorem 3.1: Let j =±1 . Let / : U 2 -> V be a mapping for 
which there exist a function a:U 4 ->(0,oo] with the 
condition 

lim — a(2" J x,2" J y,2" J z,2" J w) = (ffl.l) 

n->oo 2"' 

such that the functional inequality 

\\F(x,y,z,w)\\< a(x, y,z,w) (111.2) 
for all x,y,z,weU . Then there exists a unique 2-variable 
additive mapping A:U 2 ->V satisfying (1.8) and 

\\f(2x,2x) -Sf(x,x) - A(x,x)\\<- £ P(2 k 'x) (III.3) 

2 

for all xeU . The mapping ft(2 kJ x) and A(x,x) are 
defined by 

P(2 ki x) = 4a(2 1 ' x, 2 li x, 2 ty x, 2* x) + a(2" x, 2 {l +ni x, 2 ty x, 2 {k+l)i x) 
A(x,x) = lim^-(/(2 ( " +1> 'x,2 < " +1) 'x) -8/(2" J x,2" J x)) 

(m.4) 

for all x e [/ . 

Proof: Assume j = l . Letting (x,y,z,w) by (x,x,x,x) in 
(111.2), we obtain 

||/(3x, 3x) - 4/(2x, 2x) + 5/(x, x)|| < a(x, x, x, x) (III.5) 
for all xeU . Replacing (x,y,z,w) by (x,2x,x,2x) in 
(III.2), we get 
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||/(4x, Ax) - 4f(3x, 3x) + 6/(2*, 2x) -4f(x, x)\\ 

<a{x,2x,x,2x) (III.6) 
for all x e U ■ Now, from (III.6) and (IH.7), we have 

||/ (4x, Ax) - 1 0/ (2x, 2x) + 16/( x, x)\\ 
< A ||/(3x,3x) - 4/(2x, 2x) + 5f(x, x)\\ 
+ \\f(Ax,Ax) - Af(3x,3x) + 6/(2*, 2x) - Af(x, x)\\ 
< Aa(x, x, x, x) + a(x, 2x,x, 2x) (HI.7) 
for all x e U . From (JH.8), we arrive 

||/(4x,4x)-10/(2x,2x) + 16/(x,x)||</?(x) (UI.8) 

where 



p(x) = Aa(x, x, x, x) + a(x, 2x, x, 2x) 
for all x e U . It is easy to see from (III.9) that 



(III.9) 



||/(4x,4x)-8/(2x,2x)-2(/(2x,2x) -8/(x; x))||< /?(x) (111.10) 
for all xeU . Using (II. 1) in (III. 11), we obtain 



||g(2x,2x)-2g(x,x)||</?(x) 
for all xeU . From (III. 12), we arrive 



g(2x,2x) 



g(x,x) 



Pix) 



(III. 11) 



(III. 12) 



for all x e U . Now replacing x by 2x and dividing by 2 
in (III. 13), we get 



g(2 x,2 x) g(x,x) 
2 2 2 



p{2x) 



(III. 13) 



for all xeU . From (III. 13) and (III. 14), we obtain 



g(2x,2 x) 



2 2 

g(2x,2x) 



P(x) + 



g(x,x) 

-g(x,x) 
P(2x) 



g(2 2 x,2 2 x) g(2x,2x) 



(III. 14) 



for all x e U ■ Proceeding further and using induction on a 
positive integer n , we get 



g(2"x,2"x) 



2" 



-g(x,x) 



c lf /3(2 k x) 

1 f P{2 k x) 
~2t, 2 



(III. 15) 



for all x e U ■ In order to prove the convergence of the 
sequence 

' g(2"x,2 n x) 



2" 

replacing x by 2"'x and dividing by 2'" in (III. 16), for 
any m, n > , we deduce 



g{2 n+m x,2 n+m x) g(2 m x,2 m x) 



g(2"-2 m x,2 n -2 m x) 



2" 



-g(2 m x,2"'x) 



L /t=0 L 



as m — > co 



for all x e U ■ This shows that the sequence 



g(2"x,2"x) \ 
2" \ 



is Cauchy sequence. Since V is complete, there exists a 
mapping A(x,x):U 2 ->V such that 

A(x,x) = lim g(2 ° X ' 2 " x) V xet/. 

2" 

Letting n-^oo in (III. 16) and using (II. 1), we see that 
(IH.3) holds for all xet/. To show that A satisfies (1.8), 
replacing (x,y,z,w) by (2"x,2"y,2"z,2"w) and dividing by 
2n in (UJ.2), we obtain 

^ ||F(2"x, 2" y, 2" z, 2" w)\\ < ^ «(2" x, 2" y, 2" z,2"w) 

for all x,y,z,we{7 . Letting n ->■ oo in the above inequality 
and using the definition of A(x,x) , we see that 

A(2x+y,2z + w)-A(2x-y,2z-w) 
= 4[A(x+y, z + w)-A(x-y,z-w)]-6A(y,w) 
Hence A satisfies (1.8) for allx,y,z,we{7 . To prove A is 
unique 2-variable additive function satisfying (1.8), we let 
B(x,x) be another 2-variable additive mapping satisfying 
(1.8) and (III.3), then 

||A(x,x)-B(x,x)|| 
1 



7B || A(2"x,2"x)-S(2"x,2"x)| 

<^ r {||A(2"x,2"x) - /(2" +1 x,2" +1 x) + 8/(2"x,2"x)|| 
+ ||/(2" +1 x,2" +l x) -8/(2"x,2"x) - B(2"x,2"x)||} 



,^(2 t+ "x) 



— > a.s n — » co 



for all n ^ co . Hence A is unique. 

For j = -1 , we can prove a similar stability result. This 
completes the proof of the theorem. 

The following Corollary is an immediate consequence 
of Theorem 3.1 concerning the stability of (1.8). 

Corollary 3.2: Let F:U 2 ^V be a mapping and there 
exists real numbers X and 5 such that 

\\F{x,y,z,w)\\ 



<■ 



{iMr + iwr + i z ir + h' } ' s < ^ ° r s> i> 
M ii I* M ii* ii H 5 i i 

P 1 \\y\\ k w » *< — ors>—\ 

{iMriMrikiniHr + {ihi 41 + ibi 4i + iNi 4i + ihi 4s }}' 



A 

i i 

s < — or s > — ; 
4 4 

(III. 17) 

for all x,y,z,well , then there exists a unique 2- variable 
additive function A : U 2 -> V such that 
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\f(2x,2x)-%f(x,x)-A(x,x)\ 
(l8 + 2' +1 )A||x||' 



|2-2 S | 
(4 + 2 2i )A||jc|[ 



(III. 18) 



|2-2 4s | 

(22 + 2 2s ) 
|2-2 4, | 



2-2 4 ' 
|2-2 2s | 



lb 



for all x e U ■ 



Now we will provide an example to illustrate that (1.8) is 
not stable for s = 1 in (ii) of Corollary 3.2. 



Example 3.3: Let a.R^R be a function defined by 

a(x) 



jux, if I x \< 1 
ju, otherwise 

where ju>0 is a constant, and define a function 
f:R 2 ^>R by 



/(*,*) = £ 



a(2"x) 
2" 



/or a// ieS. 



Then F satisfies the functional inequality 

\F{x,y,z,w)\<32 n (\x\ + 1 y I + 1 z I + 1 wl) (IH.19) 
for all ij,z,n;6fl . Then there do not exist a additive 
mapping A:R 2 —>R and a constant /?>0 such that 

\f(2x,2x)-Sf(x,x)-A(x,x)\ <J3\x\ for all x<=R. (JH.20) 
Proof: Now 



\f{x,x)\<Y 



|a(2"x)| 
\2"\ 



Therefore we see that f is bounded. We are going to prove 
that f satisfies (III. 19). 

If x = y = z = w = then (III. 19) is trivial. If 

Ixl +1 y l + l zl + l w l> i , then the left hand side of (III. 19) 

is less than 32// . Now suppose that 

<l x I + 1 >• I + 1 z I + 1 w k i . Then there exists a positive 
integer k such that 
1 



so that 



, <lxl + 1 yl + lzl + lwl<^- 
2* 2*-' 



2 4 - 1 * < I 2*-'y < -,2 k -'z < -,2 4 -' w < i 



(m.2i) 



and consequently 

2"-\y, w), 2"- 1 (x + y,z + w), 2*" 1 (x - y, z - w), 
2 k -'(2x+y,2z + w), 2*" 1 (2jc - 2z - w), e (-1, 1). 
Therefore for each n = 0,1, k-\, we have 



2"(y, h>), 2" (jc + y, z + w), 2"(x - y, z - w), 
2" {2x+y,2z + w),2 n (2x- y, 2z - w), e (-1, 1). 



and 



a(2"(2x + y , 2z + w)) + a(2" (2x - y , 2z. - w)) 

-4[a(2" (x + y, z + w)) - a(2" (x - y, z - w))] - 6a(2"( y, w)) = 

For n = 0,1, £ -1 . From the definition off and (111.21), 

we obtain that 

F(x,y,z,w) 

- Z^r|«(2"(2x+ y,2z + w)) + a(2"(2x -y,2z~ w)) 

n-0 2" 

-4[a(2" (x+y,z + w)) - a(2 n (x-y,z- w))] - 6a(2"(y, w))| 

< Y j \\a{2"(2x+ y,2z + w)) + a(2"(2x - y,2z - w)) 

-4[a(2" (x + y, z + w)) - a(2" (x-y,z- w))] - 6a(2"(y, w))\ 

< ^—16^1 = 16//^ = 32 ju (\x\ +\y l + l zl + l wl) 

n=* 2 2 

Thus/ satisfies (III. 19) for all x,y,z,weR with 

0<lxl +1 jl + lzl + lwk- 
2 

We claim that the additive (1.8) is not stable for 5 = 1 in (ii) 
Corollary 3.2. Suppose on the contrary that there exist a 
additive mapping A:R 2 — >R and a constant fl>0 
satisfying (III. 20). Since / is bounded and continuous for 
all x e R , A is bounded on any open interval containing the 
origin and continuous at the origin. In view of Theorem 
3.1. A must have the form A(x,x) = ex for any x in R . 
Thus we obtain that 

\f(2x,2x)-Sf(x,x)\<(/3+\c\) \x\, (111.22) 
But we can choose a positive integer m with mp > p+\c\. 



If x^0,— j , then 2"xe(0,l) for all n = 0, 1, m-l. 

For this x, we get 

f(2x,2x) -8/(x,x) = 2, ^ 2, 

n-0 ^ n=0 ^ 

= mjux > (/?+ I c I) x 
which contradicts (111.22). Therefore (1.8) is not stable in 
sense of Ulam, Hyers and Rassias if s = 1, assumed in (ii) 
of (III. 17). 

A counter example to illustrate the non stability in (iii) 
of Corollary 3.2 is given in the following example. 

Example 3.4: Let s be such thatO < s < ^ . Then there is a 
function F:R 2 ^R and a constant A > satisfying 



\F(x,y,z,w)\<X\x\ i \y\ i \z\*\w\ 4 (111.23) 
for all x, y, z, w e R and 



\f(2x,2x)-Sf(x,x)- A(x, x)\ 
sup J — L = +oo 

x*o \x\ 



(m.24) 
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for every additive mapping A{x,x) :R 2 ^R. 
Proof: If we take 



/ (*,*) = 



f(x,x)ln(x,x), if x^O 
[o, if x = 

Then from (111.24), it follows that 



sup 



|/(2x,2x)-8/(x,x)-A(x,x) 



> sup 

be: 



= sup 

n*0 



\f(2n,2n)-Sf(n,n)-A(n,n) 



|n(2,2)ln I 2«,2« I -8n(l,l)ln I n,n I -nA{l,V)\ 



= sup |(2, 2) In I In, In I -8(1, 1) In I n,n I -A(l, 1)| = +oo 

it eU 
n*0 

We have to prove (111.23) is true. 
Case (i): If x,y,z,w>0'm (111.23) then, 

\f(2x + y, 2z + w)- f(2x - y,2z - w) - A fix + y, z + w) 

+4f(x-y,z-w) + 6f(y,w)\ 

= \(2x+ y, 2z + w)ln I 2x + y,2z + w I 

- (2x— y,2z - w)ln 1 2x — y,2z - wl 

- 4(x + y,z + w)ln\x+ y,z + w\ 

+ 4(x-y,z- w)ln I x- y,z -w\ +6(y,w)ln I y,w\\ 
Set x = v 1 ,y=v 2 ,z = v 3 ,w = v 4 it follows that 

\f{2x + y, 2z + w)- f(2x -y,2z-w)- 4f(x + y, z + w) 

+4f(x-y,z-w) + 6f(y,w)\ 

= |(2v, + v 2 ,2v 3 + v 4 )ln 1 2v, + v 2 ,2v 3 + v 4 1 

-(2v, - v 2 ,2v 3 -v 4 )lnl 2v, -v 2 ,2v 3 - v 4 1 

- 4(v, + v 2 ,v 3 + v 4 )ln I V! + v 2 , v 3 + v 4 1 

+ 4(v ( - v 2 ,v 3 - v 4 )ln I v, - v 2 ,v 3 - v 4 1 +6(v 2 ,v 4 )ln I v 2 ,v 4 1 
= |/(2v, + v 2 ,2v 3 + v 4 ) - /(2vj - v 2 ,2v 3 - v 4 ) 

-4/(v 1 +v 2 ,v 3 +v 4 ) 

+ 4/(v, - v 2 , v 3 - v 4 ) + 6/(v 2 , v 4 )| 

s s s 1-3.V 

s .v .v l-3a 

Case (ii): If x,y,z,w <0in (111.23) then, 

\f(2x + y,2z + w)-f(2x-y,2z-w)-4f(x + y,z + w) 

+4f(x-y,z-w) + 6f(y,w)\ 

= (2x + y,2z + w)ln 1 2x + y,2z + w I 

- (2x- y,2z - w)ln I 2x- y,2z - w I 
-4(x + y,z + w)lnlx + y,z + wl 

+ 4(x-y,z-w)lnl x-y.z-wl +6(y,w)lnl y,wl| 
Set -x = v l ,-y=v 2 ,-z = v 3 ,-w = v 4 it follows that 



|/(2x + y, 2z + w) - f(2x - y,2z - w) - 4/(x + y, z + w) 

+4f(x-y,z-w) + 6f(y,w)\ 

= |(-2v, - v 2 ,-2v 3 - v 4 )ln I -2v, - v 2 ,-2v 3 - v 4 1 

- (-2v, + v 2 ,-2v 3 + v 4 )ln I -2vj + v 2 ,-2v 3 + v 4 1 

-4(-v, - v 2 ,-v 3 - v 4 )ln I -v, - v 2 ,-v 3 - v 4 1 

+ 4(-v, + v 2 ,-v 3 + v 4 )ln I -V, + v 2 ,-v 3 + v 4 1 +6(-v 2 ,-v 4 )ln I -v 2 ,-v 4 1| 
= \f(~ 2v , ~ v 2 ,-2v, - v 4 ) - /(-2v, + v 2 ,-2v 3 + v 4 ) 
-4/(-v 1 -v 2 ,-v 3 -v 4 ) 
+ 4/(-v, + v 2 ,-v 3 + v 4 ) + 6/(-v 2 ,-v 4 )| 

til l-3» 

<AI-v 1 l 4 l-v 2 l' l l-v 3 l 4 l-v 4 l 4 

sis 1-3j 

= /llxl 4 lyl 4 lzl 4 lwl 4 
Case (iii): If x,z>0, y,w><0 then 2x + >>, 
2z + h>, x + ;y,z + H>>0,2x-;y,2z-M.>,x-}>, z-w<0 in (111.23) 
then, 



Set 



|/(2x + y,2z + w)- f(2x-y,2z-w)-4f(x + y,z + w) 

+4f(x-y,z-w) + 6f(y,w)\ 

= \(2x + y, 2z + w)ln I 2x + y, 2z + w I 

-(2x- y,2z-w)\n \ 2x- y,2z-w\ 

- 4(x + y , z + w) In I x + y, z + w I 

+ 4(x- y,z-w) In I x- y,z - wl +6(j,w)ln I y,w\\ 
x = v l ,-y = v 2 ,z = v 3 ,-w = v 4 it follows that 



|/(2x + y, 2z + w) - f(2x - y, 2z - w) - 4/(x + y, z + w) 

+4f(x-y,z-w) + 6f(y,w)\ 

= |(2v, - v 2 ,2v 3 - v 4 )ln I 2v, - v 2 ,2v 3 -v 4 1 

-(2v, + v 2 ,2v 3 + v 4 )ln I -(2v, + v 2 ,2v 3 + v 4 ) I 

-4(v, - v 2 ,v 3 -v 4 )ln I v, -v 2 ,v 3 -v 4 1 

+ 4(v, + v 2 ,v 3 + v 4 )ln I -(v, + v 2 ,v 3 + v 4 ) I +6(-v 2 ,-v 4 )ln I -v 2 ,-v 4 1| 
= |/(2v 1 -v 2 ,2v,-v 4 )-/(2v i +v 2 , 2v, + v 4 ) 
-4/(v 1 -v 2 ,v 3 -v 4 ) 
+ 4/ ( v, + v 2 , v 3 + v 4 ) + 6/ (-v 2 , -v 4 )| 

< ^ I Vl -v 2 l 4 lv 3 l 4 l-v 4 l~ 

£ £ £ £-££ 

= /Uxl 4 l>'l 4 lzl 4 lwl 4 
Case (iv): If x,z>0, y,w<0 then 2x + y, 
2z + w, x + y,z + w<0,2x-y,2 z -w,x-y, z-w>0 in (111.23) 
then, 

|/(2x + y,2z + w) - f(2x - y,2z - w) - 4f(x + y,z + w) 

+4f(x-y,z-w) + 6f(y,w)\ 

= |(2x+y,2z + w)lnl2x+y,2z + wl 

-(2x-y,2z- w)ln \ 2x- y,2z-w\ 

-4(x+ y,z + w)ln I x+ y,z + wl 

+ 4(x- y,z - w)ln I x- y,z - w\ +6(y,w)ln I y,w\\ 
Set x = v l ,-y = v 2 ,z = v 3 ,-w = v 4 it follows that 
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1/(2* + y,2z + w) - f(2x - y,2z - w) - 4/(x + y,z + w) 
+4f(x-y,z-w) + 6f(y,w)\ 
= |(2v, - v 2 ,2v 3 - v 4 )ln I -(2v, - v 2 ,2v 3 - v 4 ) I 
- (2v, + v 2 ,2v 3 + v 4 )ln I 2v, + v 2 ,2v 3 + v 4 1 
-4(v, -v 2 ,v 3 - v 4 )ln I -(v, -v 2 ,v 3 -v 4 )l 
+ 4(v, + v 2 ,v 3 + v 4 )ln I v, + v 2 ,v 3 + v 4 1 +6(-v 2 ,-v 4 )ln I -v 2 ,-v 4 1| 
= |/(2v 1 -v 2 ,2v 3 -v 4 )-/(2v 1 +v 2 ,2v 3 +v 4 ) 
-4/(v,-v 2 ,v 3 -v 4 ) 
+ 4/(v, + v 2 , v 3 + v 4 ) + 6/(-v 2 ,-v 4 )| 

s j .v l-3s 

< A I v, I s ! -v 2 1*1 v 3 1*1 -v 4 M~ 

J .v J 1-3.V 

^IxMyl'IzMwf*" 
Case (v): If x = y = z = vv= in (111.23) then it is trivial. 

Now we will provide an example to illustrate that the 
(1.8) is not stable for s = i in (iv) of Corollary 3.2. 

Example 3.5: Let a:R—>R be a function defined by 

1 



so that 



a(x) - 



jj.x, if I x l< - 



otherwise 



where j u>0 is a constant, and define a function 
f:E 2 ^>R by 



/(*.*) = £ 



a(2"x) 



n=o 2 

Then F satisfies the functional inequality 

|F(x,y,z,w)| 

f i i i i 



/or aW xeR. 



<8ju 



\x\ i \y\ A \z\ i \w\ i +{lxl + lyl + lzl + lwl} 



(HI.25) 



for all x,y,z,wetf . Then there do not exist a additive 
mapping A:/? 2 ->i? and a constant j3>0 such that 

|/(2x,2x)-8/(x,x)-A(x,x)| <p\x\ for all xeR. (III. 26) 
Proof: Now 



i i i i . . , 

2*- | lxl 4 lyl 4 Izl 4 I wl 4 < - ,2*~'x < —,2 k ~'y< — , 



2 z < — ,2 w < — 
2 2 



and consequently 



2*"'(y, w), 2*" 1 (x +y,z + w), 2*~' (x - y, z - w), 
2 k -\2x + y,2z + w\2 k -\2x - y,2z - w),e 

Therefore for each n = 0,1, fc -1 , we have 

2"(y,w),2"(x+ y,z + w),2 n (x- y, z- vt>), 



2" (2x + y, 2z + w), 2" (2x - y , 2z - vc ) < 



1 P 
"4'4, 



and 



a(2"(2x + y, 2z + w)) + a(2"(2x - y,2z - w)) 

-4[a(2" (x + y, z + w)) - a(2" (x -y,z- w))] - 6a(2\ y, w)) = 

For n = 0,1, k -1 . From the definition of/ and (111.27), 

we obtain that 

F(x,y,z,w) 
x 1 

< — \a(2"(2x + y,2z + w)) + a(2"(2x - y,2z - w)) 

n=0 2 

-4[a(2" (x +y,z + w)) - a(2" (x - y, z - w»] - 6a(2"(y, w))| 

< |a(2"(2x + y,2z + w)) + a(2"(2x - y,2z - w)) 
n=s 2" 

-4[a(2" (x + y, z + w)) - a(2" (x - y, z - w))] - 6a(2"(y, w))| 
£f2" 4 ^2* 



/ i i i i 



= 8// 



lxl 4 lyl 4 lzl 4 lwl 4 +{lxl + lyl + lzl + lwl} 



Thus /satisfies (111.25) for all x,y,z,weU with 



iiii 



<l x l 4 l y l 4 l z l 4 l w I 4 +{l x I + I y I + I z I + I w 1} < : 



11 S! |2"| S|2"| 4 2 

Therefore we see that/is bounded. We are going to 
prove that f satisfies (III. 25). 



If 



x = y 
i i i 



then (111.25) is trivial. 



1 



Iflxl 4 lyl 4 lzl 4 lwl 4 +{lxl + lyl + lzl + lwl}>-, then the left 
hand side of (III. 25) is less than %/u . Now suppose that 

1 



iiii 



0<lxl 4 lyl 4 lzl 4 lwl 4 +{lxl + l yl + lzl + l wl}< - 

Then there exists a positive integer k such that 

.iiii . 
-^IxHyNzHwl 4 +{lxl + l yl + lzl + l w\}< — 

(m.27) 



We claim that (1.8) is not stable for s = — in (iii) Corollary 

3.2. Suppose on the contrary that there exist a additive 
mapping A:R 2 ^R and a constant /3>0 satisfying 
(111.26). Since /is bounded and continuous for all xeR, A 
is bounded on any open interval containing the origin and 
continuous at the origin. In view of Theorem 3.1, A must 
have the form A(x,x) = cxfor any x inR . Thus we obtain 
that 

|/(2x,2x)-8/(x,x)|<(/?+lcl) Ixl, (111.28) 
But we can choose a positive integer m with mp > fi+\c\. 



If xe|^0,— J , then 2"xe(0,l) for all 
« = 0, 1, m-1. For this x, we get 
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/(2x.2x)-8/(x.x) = i^^g^ 

n=0 ^ 11=0 ^ 

= m/ux > (P+ I c I) x 
which contradicts (111.28). Therefore (1.8) is not stable in 
sense of Ulam, Hyers and Rassias if s = ^ , assumed in (iv) 
of (III. 17). 

Theorem 3.6: Let j =±1 . Let / : U 2 -> V be a mapping for 
which there exist a function a:£/ 4 ->(0,oo] with the 
condition 



1 



(111.29) 



lim — a(T> x, T> y, T> z, 2" w) = 

such that the functional inequality 

\\F(x, y, z, w)\\ < a(x, y, z, w) (111.30) 

for all x,y,z,well . Then there exists a unique 2-variable 
cubic mapping C:U 2 ->V satisfying (1.8) and 

||/(2x,2x)-2/(x,x)-C(x,x)||<i J P^x) ( m -31) 

8 *=lri 

2 

for all xeU . The mapping j3(2 kJ x) and C(x,x) are 
defined by 

P(2 kJ x) = 4a(2 kj x,2 ki x,2 kJ x,2 kj x) + a(2 kj x,2 <t+1)J x,2 lj x,2 ik+1)j x) 
C(x,x) = lim-^-(f(2 in+l)J x,2 (n+ '' J x)-2f(2 nJ x,2 nJ x)) 

(111.32) 

for all x e U . 

Proof: It is easy to see from (III.9) that 

||/(4x,4x)-2/(2x,2x)-8(/(2x,2x)-2/(x; x))||< p(x) 

(m.34) 

for all xeU . Using (H.8) in (m.34), we obtain 

||/i(2x,2x)-8A(x,x)||< /?(x) (m.35) 
for all x eE7 . From (111.35), we arrive 



h(2x, 2x) 



-h(x,x) 



P(x) 



(m.36) 



for all x e U . Now replacing x by 2x and dividing by 8 
in (111.36), we get 



h(2 2 x,2 2 x) h(x,x) 



P(2x) 



(m.37) 



for all xeU . From (m.36) and (m.37), we obtain 
*--h(x,x) 



h(2 2 x,2 2 x) 



h(2x, 2x) 



- h(x,x) 



h(2 2 x,2 2 x) h(2x,2x) 



P(x) + 



P(2x) 



(m.38) 



for all x e U . Proceeding further and using induction on a 
positive integer n , we get 



h(2"x,2"x) 



-h(x,x) 
lf p{2 k x) 

o J ok 



c \"f P(2 k x) 

O t=0 O 



(111.39) 



for all x e U . In order to prove the convergence of the 
sequence 

h(2"x,2"x) 



8" 

replacing x by 2"'x and dividing by 8 m in (III. 39), for any 
m, n > , we deduce 



h(2" +m x,2" + "' x) h(2 m x,2 m x) 



h(2" ■2 m x,2" -2 m x) 



-h(2 m x,2 m x) 



nk+m 
t=0 8 

-> as m — > co 



for all x e [/ . This shows that the sequence 



h{2" x,2" x)\ 



is Cauchy sequence. Since V is complete, there exists a 
mapping C(x, x) : (/ 2 -> V such that 

/i(2"x,2"x) 

C(x,x) = lim-^ '- V xeU. 

2" 

Letting n -> oo in (111.39) and using (II.8), we see that 
(m.31) holds for allxet/. To show that C satisfies (1.8) 
and it is unique the proof is similar to that of Theorem 3. 1 

The following Corollary is an immediate consequence 
of Theorem 3.6 concerning the stability of (1.8). 

Corollary 3.7: Let F:U 2 ^>V be a mapping and there 
exists real numbers X and 5 such that 

\\F(x,y,z,w)\\ 



^\\\ x W + \\yf + INI' + IMf I > s < ^ or s > 3; 



i H I* M ii 5 ii II s ii ii s ^ ^ 

M\x\\ \\y\\ Z M , s < — or s>—\ 



'MiMr iMriMriH'' 

{IH 



,4.v ii ii4.v ii ||4.v || ||4.v)) 

+ \y\ +\\z\\ +\\w\\ , 

3 3 
.s' < — or a- > — ; 

4 4 



(111.40) 

for all x,y,z,weU , then there exists a unique 2- variable 
cubic function C:U 2 —>V such that 

||/(2x,2x) - 2/(x,x) -C(x,x)|| 
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5/1/7 

(l8 + 2 s+1 )/l|4 



7 8-2' 
(4 + 2 2s )A|jc|[ 



(m.4i) 



7 8 - 2 4s 



(22 + 2 21 ) 2 -2 4s 



7 8 - 2 4s 7 8 - 2 2s 



UIUII 



for all x e U ■ 



Now we will provide an example to illustrate that (1.8) 
is not stable for s = 3 in (ii) of Corollary 3.6. 

Example 3.8: Let a:R—>R be a function defined by 



a(x) ■ 



fix 3 , if I x l< 1 



[]U, otherwise 

where /u>0 is a constant, and define a function 
f:R 2 ^>R by 

f(x,x) = ^ —^— n X ^ for all x e R. 

n-0 8" 

Then F satisfies the functional inequality 

\F(x, y, z, W)\ < 16 ^* 8 (I x P + I y I 3 + I z P + I W P) 

(m.42) 

for all x,y,z,we.R . Then there do not exist a cubic 
mapping C:R 2 ^R and a constant /? > such that 

\f(2x,2x)-2f(x,x)-C(x,x)\ </3\x? forallxeR. (111.43) 
Proof: Now 

11 a |8"| S|8'| 7 

Therefore we see that f is bounded. We are going to prove 
that f satisfies (m.42). 

If x = y = z = w = 0, then (m.42) is trivial. If 

I x I 3 + 1 y I 3 + 1 z I 3 + 1 w l 3 > - , then the left hand side of (m.42) 
8 

is less than 16| " x8 . Now suppose that 



0<l%P+lyP+lzP+lwP< 



1 



Then there exists a positive integer k such that 



so that 



-^<lxl 3 +lyP+kl 3 +lwP<- 1 - 



2*- 1 x 3 < - , 2*" 1 >' 3 < - , 2*" 1 z 3 < - , 2" w 3 < - 



(m.44) 



and consequently 

2 t_1 (y, w),2 k ^(x + y,z + w),2 k ~\x -y, z — w), 



2 k -> (2x + y, 2z + w), 2 W (2x - y,2z - w) < 



Therefore for each n = 0,1, A -1 , we have 



1 1 

2'2 



2" (>•, w), 2" (x + y, z + w), 2" (x - y, z - w), 
T{2x+y,2z + w),2"(2x - y,2z - w) e ^"^J- 

and 

a(2" (2x + y, 2z + w)) + a(2" (2x -y,2z- w)) 

-4[a(2" (x+y,z + w)) - a(2"(x - y, z - w))] - 6a(2"(y, w)) = 

For n = 0,1, jfc -1 . From the definition off and (111.44), 

we obtain that 

F(x,y,z,w) 

< Y j \\a(2 n (2x+ y,2z + w)) + a(2 n (2x -y,2z- w)) 

n=0 2 

-4[a(2" (x + y, z + w)) - a(2" (x-y,z- w))] - 6a(2" (y, w))\ 

- Y J \\a{2"(2x+y,2z + w)) + a(2"(2x -y,2z- w)) 

-4[a(2" (jc + y, z + w)) - a(2" (jc - y, z - w))] - 6a(2"(y, w))| 
1. 16/ix8 1 



O" r -7 



16// x8 3 



(lxl 3 +lyl 3 +lzl 3 +lwl 3 ) 



Thus/ satisfies (111.42) for all x,y,z,weU with 

0<lxP+lyP+lzP+lwP<- 
8 

We claim that (1.8) is not stable for 5 =3 in (ii) 
Corollary 3.7. Suppose on the contrary that there exist a 
cubic mapping C:R 2 ->R and a constant J3 > satisfying 
(111.43). Since /is bounded and continuous for allxeR, C 
is bounded on any open interval containing the origin and 
continuous at the origin. In view of Theorem 3.6, C must 
have the form C(x,x) = cx 3 for any x in R . Thus we 
obtain that 

\f{2x,2x)-2f(x,x)\<(P+\c\) \x\\ (ffl.45) 
But we can choose a positive integer m with mp > /?+ 1 c I . 
1 



If 16 0. 



then 2"xe(0,l) for all 



n = 0, 1, m-1. For this x, we get 

/(2x,2x)-2/(x,x) = ]r^,£^ 

= ntjux 3 >(P+\c\)x i 

which contradicts (111.45). Therefore (1.8) is not stable in 
sense of Ulam, Hyers and Rassias if 5 =3, assumed in 
the inequality (ii) of (111.41). 

A counter example to illustrate the non stability in (iii) 
of Corollary 3.7 is given in the following example. 

3 

Example 3.9: Let 5 be such that < s < - . Then there is a 
function F:R 2 ^>R and a constant A>0 satisfying 

s s £ 3-3.; 

\F(x, y, z,w)\<l\x\*\y\ 4 \z\ 4 \w \*~ (111.46) 
for all x,y,z,weR and 
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|/(2x,2x)-2/(x,x)-C(x,x)| 
sup J 3 ^ = +co (111.47) 

-t*0 |x| 

for every cubic mapping C(x,x) : i? 2 — » . 
Proof: If we take 

f(x,x) 3 ln(x,x), if x^O 
/ (x, x) = \ 

[o, ifx = 

Then from (111.47), it follows that 

I /(2x, 2x) - 2f (x, x) - C(x, x)\ 

SUP J -3 - 

1*0 \x\ 

\f(2n,2n) - 2f(n,n) - C(n,n)\ 
> sup 1 3 L 

«eo \n\ 

rc*0 I I 

|n 3 (2,2) 3 ln I 2n,2n I -2n 3 (l,l) 3 ln \n,n\ -n 3 C(l,l)| 
= SU P J TP 

neO \n\ 

= sup I (2, 2) 3 In I 2m, 2n I -8(1, l) 3 In \n,n\ -C(l,l)| = +oo 

We have to prove (JH.46) is true. 
Case (i): If x,y,z,w>0in (111.46) then, 

\f(2x+ y, 2z + w)-f(2x- y, 2z - w) - 4/(x + y, z + w) 

+4f(x-y,z-w) + 6f(y,w)\ 

= |(2x + y,2z + wf la I 2x + y,2z + w\ 

- (2x -y,2z- wf In I 2x - y,2z - w I 

- 4(x + y, z + wf In I x + y, z + w I 

+ 4(x- y,z — w) 3 ln I x — y,z — w \ +6(y, w) 3 ln I 
Set x = v 1 ,y = v 2 ,z = v 3 ,w = v 4 it follows that 

|/ (2x + y, 2z + w) - f(2x - y, 2z - w) - 4f(x + y, z + w) 

+4f(x-y,z-w) + 6f(y,w)\ 

= |(2v, + v 2 ,2v 3 + v 4 ) 3 ln I 2vj + v 2 ,2v 3 + v 4 1 

- (2v, - v 2 ,2v 3 - v 4 ) 3 ln I 2v, - v 2 ,2v 3 - v 4 1 

-4(v, + v 2 ,v 3 + v 4 ) 3 ln I V[ + v 2 ,v 3 + v 4 1 

+ 4(v, - v 2 ,v 3 - v 4 ) 3 ln I v i — v 2 ,v 3 - v 4 I +6(v 2 ,v 4 ) 3 In I v 2 ,v 4 1| 
= |/(2v 1 +v 2 ,2v 3 +v 4 )-/(2v 1 -v 2 ,2v 3 -v 4 ) 

-4/(v 1 + v 2 ,v 3 +v 4 ) 

+ 4/(v 1 -v 2 ,v 3 -v 4 ) + 6/(v 2 ,v 4 )| 

s s s l-3» 

<Alv,l 4 |y 2 l 4 lv 3 l 4 lv 4 l 4 

£ £ £ l-3£ 

= /llxl 4 lyl 4 lzl 4 lwl 4 
Case (ii): If x,y,z,w<0m (111.46) then, 

|/(2x + y, 2z + w) - f(2x - y, 2z - w) - 4f(x + y, z + w) 

+4f(x-y,z-w) + 6f(y, w)\ 

= \(2x + y,2z + wf In 1 2x + y,2z + w I 

- (2x - y, 2z - wf In I 2x - y, 2z-w\ 

- 4(x + j, z + wf In I x + z + w I 

+ 4(x- y,z - wf\n I x- y,z - w I +6(y,w) 3 ln I y, wl| 
Set - x = v l ,-y = v 2 ,-z = v 3 ,-w = v 4 it follows that 



|/(2x + y,2z + w)-f(2x- y, 2z - w) - 4/(x + y, z + w) 

+4/(x - y, z - w) + 6f(y, w)\ 

= |(-2v, - v 2 ,-2v 3 - v 4 ) 3 ln I -2v, - v 2 ,-2v 3 - v t I 

- (-2v, + v 2 ,-2v 3 + v 4 ) 3 In I -2vj + v 2 ,-2v 3 + v 4 1 
-4(-v, -v 2 ,-v 3 -v 4 ) 3 ln l-v, - v 2 ,-v 3 - v 4 1 

+ 4(-v, + v 2 ,-v 3 + v 4 ) 3 ln I -v, + v 2 ,-v 3 + v 4 1 +6(-v 2 ,-v 4 ) 3 In l-v 2 ,- 
= \f(- 2v , ~ v 2 ,-2v } - v 4 ) - /(-2v, + v 2 ,-2v 3 + v 4 ) 
-4/(-v I -v 2 ,-v 3 -v 4 ) 
+ 4/(-v, + v 2 ,-v 3 + v 4 ) + 6/(-v 2 ,-v 4 )| 

£ £ £ £-3£ 

<2l-v,l 4 l-v 2 l 4 l-v 3 l 4 l-v 4 l 4 

.V .i' .V 1-3 J 

= /llxl 4 l jl 4 kl 4 l Wl~ 

Case (iii): If x,z>0, y,w<0 then 2x + y, 

2z + w, x + y,z + w>0,2x-y,2z-w,x-y, z-w<0 in (111.46) 

then, 

|/(2x + y, 2z + w) - f(2x - y, 2z - w) - 4f(x + y, z + w) 
+4f(x-y,z-w) + 6f(y,w)\ 
= |(2x + y, 2z + wf In I 2x + y, 2z + w\ 
-(2x-y,2z-wfln\2x-y,2z-w\ 

- 4{x + y, z + w f In I x + y, z + w I 

+ 4(x - y, z - wf In I x- y,z - w I +6(>',w) 3 ln I y,w\\ 

Set x = v v -y = v 2 ,z = v 3 ,-w = v 4 it follows that 

\f(2x+y,2z + w)-f(2x-y,2z-w)-4f(x + y,z + w) 

+4f(x-y,z-w) + 6f(y, w)\ 

= |(2v, - v 2 ,2v 3 - v 4 ) 3 In I 2V] - v 2 ,2v 3 - v 4 1 

- (2v, + v 2 ,2v 3 + v 4 ) 3 ln I -(2vj + v 2 ,2v 3 + vf) I 
-4(v, -v 2 ,v 3 -v 4 ) 3 ln I v, -v 2 ,v 3 - v 4 1 

+ 4(v, + v 2 ,v 3 + v 4 ) 3 ln I -(v, + v 2 ,v 3 + v 4 ) I +6(-v 2 ,-v 4 ) 3 In I -v 2 ,-v 4 
= |/(2v 1 -v 2 ,2v 3 -v 4 )-/(2v 1 +v 2 ,2v 3 +v 4 ) 
-4/(v 1 -v 2 ,v 3 -v 4 ) 
+ 4/(v, + v 2 , v 3 + v 4 ) + 6/(-v 2 ,-v 4 )| 

s_ s_ s l-3.v 

<Alvj 1*1 -v 2 1*1 v 3 1*1 -v 4 

s s j l-3s 

= /llxl 4 l y\ i \z\ i \w\~ 

Case (iv): If x,z>0, y,w<0 then 2x + y, 
2z + w, x + y,z + w<0,2x-y,2z-H',x->', z-h>>0 in (111.46) 
then, 

\f(2x + y,2z + w) - f(2x - y,2z - w)-4/(x + y,z + w) 

+4f(x-y,z-w) + 6f(y,w)\ 

= |(2x + y , 2z + wf In I 2x + y , 2z + w I 

- (2x - y, 2z - wf In I 2x - y, 2z-w\ 

- 4(x + y,z + u') 3 lnlx + y,z + wl 

+ 4(x- y,z - w) 3 ln \ x - y,z-w\+6(y,wf\n I y,vel| 
Set x = v v -y = v 2 ,z = v 3 ,-w = v 4 it follows that 
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\f(2x + y, 2z + w) - f(2x - y,2z - w) - Af(x + y, z + w) 

+4f(x-y,z-w) + 6f(y,w)\ 

= |(2vj - v 2 ,2v 3 - v 4 ) 3 In I -(2v, - v 2 ,2v 3 - v 4 ) I 

- (2v, + v 2 ,2v 3 + v 4 ) 3 ln 1 2vj + v 2 ,2v 3 + v 4 1 

-4(v, -v 2 ,v 3 - v 4 ) 3 ln l-(v, -v 2 ,v 3 -v 4 )l 

+ 4(v, + v 2 ,v 3 + v 4 ) 3 ln I Vj + v 2 ,v 3 + v 4 1 + 6(-v 2 ,-v 4 ) 3 In I -v 2 ,-v 4 1| 
= |/( 2v i " v 2 ,2v 3 - v 4 ) - /(2v, + v 2 ,2v 3 + v 4 ) 
-4/(v 1 -v 2 ,v 3 -v 4 ) 
+ 4/(v 1 +v 2 ,v 3 +v 4 ) + 6/(-v 2 ,-v 4 )| 

s is l-3» 

<A\v l \*\-v 2 \*\v 3 \*\-v 4 \ 4 

i * i 1-3 - v 

= /llxl 4 lyl 4 lzl 4 lwl~ 
Case (v): If x = y = z = w=0in (111.46) then it is trivial. 

Now we will provide an example to illustrate that (1.8) 

3 

is not stable for s = - in (iv) of Corollary 3.7. 
Example 3.10: Let a:R—>R be a function defined by 



a(x) - 



jux 3 , if \x\< : 



3// 



otherwise 



where //>0 is a constant, and define a function 
f:R 2 ^R by 



/(*.*) = £ 



a(2 n x) 



for all x e R. 



Then F satisfies the functional inequality 



\F(x,y,z,w)\ 
96// x8 2 



3 3 3 3 

x l 4 l j l 4 l z l 4 l w I 4 +{l x I 3 + 1 y I 3 + 1 z I 3 + 1 w I 3 



(m.48) 

for all xj,z,wsS . Then there do not exist a cubic 
mapping C:R 2 ^R and a constant p > such that 

|/(2jc,2x)-2/(jc,x)-C(jc,jc)| </?lxl 3 /or a/Z x e fl. (UI.49) 

Proof: Now 

Therefore we see that /is bounded. We are going to prove 
that f satisfies (m.48). 

Ifx=y=z = w = 0, then (m.48) is trivial. 

3 3 3 3 , 

If lxl 4 lyl 4 lzl 4 lwl 4 +{lxl 3 +lyl 3 +lzl 3 +lwl 3 }>- , then the 

left hand side of (111.48) is less than . Now suppose 
that 

3 3 3 3 , 

<l x l 4 l y l 4 l z l 4 l w I 4 +{l x I 3 + 1 y I 3 + 1 z I 3 + 1 w I 3 } < - . 
Then there exists a positive integer k such that 



(3 3 3 3 | 

<l x l 4 l y l 4 l z l 4 l w I 4 +{l x I 3 + I >• I 3 + I z I 3 + I w I 3 } < — 



(m.50) 



so that 



iiii, , , 

2*- | lxl 4 lyl 4 Izl 4 I wl 4 < - ,2^'x < -,2 k ~ l y< — , 
2 2 2 

r.k-\ , 1 r.k-1 . 1 

2 z < — ,2 w < — 



and consequently 

2"-' (y, w), 2* -1 (x + y, z + w), 2*" 1 (x-y,z- w), 
2 k '\2x + y,2z + w\2 k '\2x -y,2z- w),e 

Therefore for each « = 0,1, k -1 , we have 

2"(>',w),2"(x+ y,z + w),2"(x- y, z- w), 
2" (2x + y, 2z + w), 2" (2x - y , 2z - Vf ) 

and 



1 r 

2*2, 



a(T(2x + y,2z + w)) + a(2" (2* - y, 2z - w)) 

-4[a(2" (* + y, z + w)) - o(2" (x - y, z - w))] - 6a(2" (y, w)) = 

For n = 0,1, k-1 . From the definition of /and (111.50), 

we obtain that 

F(x,y,z,w) 

< Y J \\a{2 n (2x+ y,2z + w)) + a(2"(2x - y,2z - w)) 
-4[a(2" (x + y, z + w)) - a(2" (x - y, z - w))] - 6a(2" (y, w))| 

5 Zi|«( 2 "(2^+ y.2z + w)) + a(2"(2x - y,2z - w)) 
-4[a(2" (x + y, z + w)) - a(2" (x-y,z- w))] - 6a(2" (y, w))| 



1 16//x3_ 12// x 8 1 



4 7 8' 

^ 3 3 3 3 



= 8// 



I x l 4 l y l 4 l z l 4 l w I 4 +{l x I 3 + 1 y I 3 + 1 z I 3 + 1 Vf I 3 } 



Thus /satisfies (111.48) for all x,y,z,weU with 



3 3 3 3 , 

<l x l 4 l y l 4 l z l 4 l w I 4 +{l x I 3 + I y I 3 + I z I 3 + I w I 3 } < - 

3 

We claim that (1.8) is not stable for s = - in (iii) Corollary 

3.7. Suppose on the contrary that there exist a cubic 
mapping C:R 2 ->R and a constant p > satisfying 
(111.49). Since /is bounded and continuous for allxeR, C 
is bounded on any open interval containing the origin and 
continuous at the origin. In view of Theorem 3.6, C must 
have the form C(x,x) = cx 3 for any x in R . Thus we 
obtain that 

\f(2x,2x)-2f(x,x)\<(P+\c\) Ixl 3 , (m.51) 
But we can choose a positive integer m with mp > p+ 1 c I . 
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If xe|^0,— J , then 2"xe(0,l) for all 
n = 0, 1, ra-1. For this x, we get 

/(2x,2x)-2 /( x,x) = X^g^ 

n=0 O „ = O 

= m//x 3 > (/?+ I c I) x 3 

which contradicts (111.51). Therefore (1.8) is not stable in 

3 

sense of Ulam, Hyers and Rassias if s = - , assumed in (iv) 
of (UI.41). 

Now, we are ready to prove our main stability results. 

Theorem 3.11: Let j = ±l. Let /:£/ 2 — >V be a mapping 
for which there exist a function a:U 4 — >(0,oo] with the 
condition given in (III. 1) and (111.29) respectively, such 
that the functional inequality 

\\F(x, y,z,w)\\< a(x, y,z,w) (111.52) 
for all x,y,z,weU . Then there exists a unique 2-variable 
additive mapping A:U 2 — »V unique 2-variable cubic 
mapping C:U 2 ->V satisfying (1.8) and 

||/(x, x) - A(x, x) - C(x,x)|| 



<1 \\±p0x) + \±m*>x)\ 

6 I 2 j-j 8 i-j 



(111.53) 



for all x e U ■ The mapping /?(2*'x) , A(x,x) and C(x,x) are 
defined in (III.4), (III.5) and (111.33) 

for all x e U . 

Proof: By Theorems 3.1 and 3.6, there exists a unique 2- 
variable additive function \:U 2 — »V and a unique 2- 
variable cubic function C, : U 2 -> V such that 

|/(2x ; 2x)-8/(x,x)-A(*,*)|<i £ £(2*x) (111.54) 

2 

and 



||/(2x,2x)-2/(x,x)-C 1 (x,x)||<- X A2^) (IH-55) 

2 

for all xeU ■ Now from (III. 54) and (111.55), one can see 
that 



/ (x, x) + ^ A, (x, x) - ^ C, (x, x) 
6 6 



/(2x,2x) | 8/(x,x) | A,(x,x) 



f /(2x,2x) 2/(x,x) C,(x,x) 
I 6 6 6 

< i {||/(2x, 2x) - 8/ (x, x) - A, (x, x)|| 

+ |/(2x,2x)-8/(x,x)-A,(x,x)||} 

A\ p^x )+ l±^x\ 



for all xe(/ . Thus we obtain (111.55) by defining 

A, (x, x) = — A(x, x) and C, (x, x) = - C(x, x) , /?(2*' x) , A(x, x) 
6 6 

and C(x,x) are defined in (III.4), (III.5) and (111.33) 
for all x e U . 

The following corollary is the immediate consequence 
of Theorem 3.11, using Corollaries 3.2 and 3.7 concerning 
the stability of (1.8). 

Corollary 3.12: Let F:U 2 ^V be a mapping and there 
exists real numbers X and 5 such that 

\\F(x,y,z,w)\\ 



^{iMr + \\y\t + i z ir + iiHr}' 



s < 3 or s > 3; 



s .t s s 3 3 

< <^ A||x|| s Hyll 1 llzir llvfir , s < —ors>—\ 



l{||x| 



S II \\S || \\S || 1 1 A 

ry \\z\\ w + 



{iwr 



II 1 1 4 .v || m4s || \\4s) i 

+ +||z| +p| j , 



3 3 
.s- < — or s > — ; 

4 4 



(m.56) 

for all x,y,z,well , then there exists a unique 2-variable 
additive mapping A:U 2 —>V unique 2-variable cubic 
mapping C :U 2 — »Vsuch that 

||/(x, x) - A(x, x) - C(x, x)|| 



+ I 

6 I 7 



(18 + 2 1+1 ) 



1 1 

r + - 



2-2 ! 7 8 -2 s 



(4+2 21 ) 



6 

(22 + 2 21 ) 



1 1 

r + - 



VI 

2s\f 



2-2 41 7 8-2 4 ' 



1 



1 



|2-2 4s | + 7|8-2 / 



X x 



/t x 



(m.57) 



2-2 4 



,2-2 4s 7 8-2 z ' 
VI II \J 



X\\x\\ 



for all xeU ■ 



Now we will provide an example to illustrate that (1.8) 
is not stable for s = 1 in (ii) of Corollary 3.12. 

Example 3.13: Let a:R—>R be a function defined by 

, s fw(x + x 3 ), if Ixkl 

«(*)= , . 

[/j, otherwise 

where //>0 is a constant, and define a function 
f :R 2 ^-R by 



a(2"x) 
2" 



for all xe R. 



Then F satisfies the functional inequality 
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\F(x, y, z, w)\ < 32ju(\ xl + lyl + lzl + lwl) (ffl.58) 
for all x,y,z,weR . Then there do not exist a 2- variable 
additive mapping A:U 2 — »V and 2-variable cubic 
mapping C:£/ 2 ->V and a constant p>0 such that 

\f(x,x)-A(x,x)-C(x,x)\ <f)\x\ forallxeR. (111.59) 

A counter example to illustrate the non stability in (iii) 
of Corollary 3. 12 is given in the following example. 

Example 3.14: Let s be such that < s < i . Then there is a 
function F:R 2 ^R and a constant X > satisfying 

.v .v s l-3s 



|F(x,;y,z,w)|<;ilxl 4 l;yl 4 lzl 4 lwl 
for all x,y,z,we.R and 



\f(x,x) - A(x,x) - C(x,x)\ 
sup — = +oo 

**0 X 



(m.60) 



(m.6i) 



for every additive mapping A(x,x) : i? 2 — »i? , and for every 
cubic mapping C(x,x) :R 2 —>R. 

Now we will provide an example to illustrate that (1.8) 
is not stable for s = — in (iv) of Corollary 3.12. 

Example 3.15: Let a:R—>R be a function defined by 

1 



a(x) - 



fj(x + x ), if \x\<- 



otherwise 



where ju>0 is a constant, and define a function 
f:R 2 ^>R by 

f(x,x) = ^ —^—„ X ^ forallxeR. 

rc=0 2 

Then F satisfies the functional inequality 



\F(x,y,z,w)\ 

( 



l;cl 4 lyl 4 lzl 4 lwl 4 +{lxl + lyl + lzl + lwl} 



V 



(m.62) 



for all x,y,z,weR . Then there do not exist a 2-variable 
additive mapping A:U 2 — >V and a cubic mapping 
C:R 2 ->R and a constant p > such that 

|/(2x,2x)-2/(x,x)-C(x,x)| </?lxl 3 /or a// x e (UI.63) 
IV. STABILITY RESULTS: FIXED POINT METHOD 

In this section, we apply a fixed point method for 
achieving stability of the 2-variable AC (1.8). 

Now, we present the following theorem due to B. 
Margolis and J.B. Diaz [14] for fixed point Theory. 

Theorem 4.1: Suppose that for a complete generalized 
metric space (Ci,d) and a strictly contractive mapping 

T:Q^-Q with Lipschitz constant L . Then, for each 



given xeQ, either d(r"x,T n+1 x) = ao for alln>0,or there 
exists a natural number n such that 

i) d(T"x,T n+l x) < oo for all n > n ; 

ii) The sequence \T n xj is convergent to a fixed to a fixed 
point y* of T 

iii) y" is the unique fixed point of T in the set 

A = |yeQ: rf(r""x,y)<oo|; 

iv) d(y,/)<p'-^d(y,7>) for all yeA. 

Using the above theorem, we now obtain the generalized 
Hyers-Ulam-Rassias stability of (1.8). 

Thorough out this section, let U be a vector space and V 
Banach space. Define a mapping F : U 2 -> V by 



F(x,y,z,w) = f (2x + y,2z + w) - f (2x - y,2z - w) 
-4[f(x+y,z + w)-f(x-y,z-w)] + 6f(y,w) 
for all x,y,z,weU . 

Theorem 4.2: Let f :U 2 —>V be a mapping for which 
there exists a function a : U 4 -> (0,co] with the condition 

1im±a(tfx,tfy,rfz.rfw) = (IV.l) 

with ^ =2 if j = and ju t = \ if i = 1 such that the 
functional inequality 

||F(x,y,z,w)|<a(x,y,z,w) (IV.2) 
for all x,y,z,we£/. If there exists L = L{i)<\ such that 
the function 

x^y{x) = \p{x), 

has the property 

r(x)<L- Mi r(ju iX ). (IV.3) 

Then there exists a unique 2-variable additive mapping 
A:U 2 -»V satisfying (1.8) and 

||/(2x,2x)- 8/ (*,*) - A(x,x| ^f-j^rix) (IV.4) 

for all xeU ■ The mapping P(2 1 ' x) and A(x,x) are 
defined in (III. 10) and (JH.5) respectively for all xeU ■ 

Proof: Consider the set 

Cl = {p/p:U 2 -^V,p(0) = 0} 
and introduce the generalized metric on £1 , 

d(g,h) = d r (g,h) 

= mf{Ke(Q,oD)/\\p(x)~q(x)\\<Ky(x),xeU} 
It is easy to see that (Cl,d) is complete. 
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Define r : Q 2 — » fi by 



for all x,y,z,weU , i.e., A satisfies (1.8). 



Tp(x,x) = — - p ( /u t x, /u t x) 

for all x e U ■ Now for all p,qefl, 

d{g,h)<K 
=>||p(jc,jc) < Ky^x), xeU, 



— p(MiX, up) -—q^x, fi,x) 
Mi Mi 

— p^x, — — q ( n t x, jU^) 
Mi Mi 



<—Ky(/.i i x), xgU, 
M 

<LKy(x), xeU, 



=>||r p(x,x)-Tq(x,x)\\ <LKy(x), xeU, 
=>d r {TpJq)<LK. 

This gives d{Tp,Tq)< Ld[p,q) , for all p,qed, i.e., T is a 

strictly contractive mapping of CI , with Lipschitz constant 
L . From (III. 12), we arrive 



g(2x,2x) 



g(x,x) 



Pix) 



(IV.5) 



for all x e U . Using (IV. 3) for the case i = it reduces to 

g(2x,2x) 



-g(x,x) 



<Ly(x) for all xeU 



i.e., d r (g,Tg)<L=>d(g,Tg)<L<ll <co 



Again replacing x = - , in (IV.5), we get, 



(IV.6) 

for all x e £/ . Using (IV. 3) for the case i = lit reduces to 

g(x,x)-2g(J,£j < r (x) for all xe(/, 

i.e., ^(g ; r g )<i^d(g,rg)<i<L°<oo 

Now from the fixed point alternative in both cases, it 
follows that there exists a fixed point A of T in CI such 
that 

1 



A(x,x) = lim — {f(jf l x,tf l x) - 8/(tf x)) 
for all x e (/ , since lim d(T"g,A) = . 



(IV.7) 



To prove A:U 2 — >V is additive. Putting (x,y,z,w) by 
tfx,tfy,M?z,tfw in (IV.2) and divide by . It follows 
from (IV. 1) that 



||A(x,y,z,w)|| = lim 

II * 'II «->CC 



\F[ju"x,fi"y,ju"z,/u"w)\\ 



a \ u" x, u." y , u" z, u"w\ 
<lim V ; =0 



According to the alternative fixed point, since A is the 
unique fixed point of T in the set 
A = {peCl :d(f,p) < co},A is the unique function such that 

\\f(2x,2x)-8f(x,x)-A(x,x)\\ < Ky(x) 

for all xeU and ^>0 . Again using the fixed point 
alternative, we obtain 

1 



this implies 



which yields 



d(f,A)<—d(f,Tf) 



d(f,A)<—d(f,Tf) 



\\f(2x,2x)-Sf(.x,x)-A(x,x)\\<—y(x) 

this completes the proof of the theorem. 

The following Corollary is an immediate consequence of 
Theorem 4.2 concerning the stability of (1.8). 

Corollary 4.3: Let F:£/ 2 — >V be a mapping and there 
exists real numbers X and 5 such that 



\\F(x,y,z,w. 
X 



\\\ x f + \\y\f + \\ z f + H j > s K 1 or s > 1; 
M w s H I* M w s H II s i i 

\\x\\ y z M » *< — ors>—; 

{i-^iribirikiriMr + {iwi 4i + ibi 4s + ini 45 + imi 4s }}' 



i i 

s < — or s > — : 
4 4 

(IV.8) 

for all x,y,z,well , then there exists a unique 2- variable 
additive function A : U 2 -> V such that 



||/(2jc, 2jc) - 8/(jc, jc) - A(jc, 
'2- 1 (l8 + 2' +1 )>l|*|r 



I 2 " 2 1 
2 4 - 1 (4 + 2 2s )A|x|| 4s 



|2-2 4s | 
2 4l - 1 (22 + 2 2s + 2-2 4s )/lH 4s 



(IV.9) 



2-2 4 



for all x e U . 



Proof: Setting 

a(x,y,z) 

^\l x f + \\yf + \\ z f + \\ w \ 

^■ikiribirikir w*' 

i iw w s ii ii 5 ii ii s ii ii s fn n 4 ' s ii ii ii ii' 

*■ x \\y\\ \\ z \\ \\ w \\ + ] f + \\y\\ + \\ z \\ + \\ w \\ 
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for all x,y,z,weU . Then, for s <2 if i = and for s>l 
if i=l we get 



a(tfx,tfy,tfz,tfw) 



Ml 



X 



-\Iju;x\\ +\\ju;'y\\ +\\ju;z\\ +\^\ \, 

i 

'-y:xfu y f\Uz\\\k4\ 



Mi 



n\Wi x \\ my\\ mz\\ \n,w\\ 



I 11^* II n \\^ s II h \\^ s II 11^* 

\Mi x \\ +\\M?y\\ +w4 + KH 



— » as n — > oo, 

► as n — > co, 

► as n — > co, 

Thus (IV. 1) is holds. But we have x — > ^ (x) = ^-/?(x) , has 
the property y(x) < L ■ ft y(ftx), for all x e U . Hence 



l 



-(4a(x,x,x, x) + a(x,2x, x,2x)) 



(1811x11 s +2 II 2x11 s ) 

(4 + 2 2s )llxll 4s 

(22 + 2 2s +2-2 4s )llxl 



Now 



y(//,x) = 



X 

2 Mi 
X 

2M, 
X 

2 Mi 

_X_ 
2ft 

X 

iMi 
_X_ 
2ft 

X 



(18 II mx II s +2 II 2// i xll s ) 

(4 + 2 2s )ll// i xll 4s 

(22 + 2 2s +2-2 4l )H//,.xll 

// s (18llxll s +2H2xll s ) 
// 4s (4 + 2 2s )llxll 4s 



,u 4s (22 + 2 2s +2-2 4s )llxll 4s 



^'(18 11x11 s +211 2x11 s ) 
z 

|/i 4s - 1 (4 + 2 2s )llxll 4s 
^/i, 4s "'(22 + 2 2s +2-2 4s )llxll 4s 

' mVP^) 

Mi^Pix) 
M^Pix) 



Hence the (IV.3) holds either, L = 2 s_1 for s<l if j = and 

L = ^— for s>l ifj=l. 

2 S ~' 

Now from (IV.4), we prove the following cases for (i). 
Case (i): L = 2 s 1 for s < 1 if i = . 

||/(2x,2x)-8/(x,x)-A(x,x)|| 



.£_D«±2__u„.vi, 

1-2'-' [ 2 
< (2- 1 ) [ 18 + 2- 



l-2 s - f {" 2 
>'")- 2 f l8 + 2 s 



2 - 2 s [ 2 
_(2- 1 ) l (l8 + 2* +1 ) 



2-2 s 



A II x II s 



Allxl 



X II x II s 



Case (ii): L = — - for s > 1 if i =1 . 

2 ,-i 



||/(2x,2x)-8/(x,x)-A(x,x)i 









(l8 + 2 s+1 


1-i 





A II x II s 



^jii±^Uii,ir 

2 s - 1 -l[ 2 

^ (2-'-')-2 fi 8 + 2 ' 
2 s -2 



/I II x II s 



(2 s - 1 )(l8 + 2 ,+1 ) 

O ^ ^ 11x11 s 

2 s -2 

In similar manner we can prove the following cases 
L = 2 4s_1 for j<1 if i = and L = -^— for S >1 if i=l, 

and L = 2 4s_1 for S <1 if / = and L = -^— for ^>1 if 

2 4.,-l 

i = \ for (ii) and (iii) respectively. Hence the proof is 
complete. 

Theorem 4.4: Let / :U 2 ->V be a mapping for which 
there exist a function a : U 4 -> (0,co] with the condition 



lim— a(tfx,M?y,tfz,M» = 



(IV. 10) 



with ju j =2 if i = and ft = - if j = 1 such that the 

functional inequality 

||F(x, y, z, w)\\ < a(x, y,z,w) (IV. 1 1 ) 

for all x,y,z,weU . If there exists L = L{i)<\ such that 
the function 



has the property 



for all x e U . 



x^ r (x) = i/7(x), 



r(x)<L- u fr{M,x). (iv.12) 
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Then there exists a unique 2-variable cubic mapping 
C:U 2 ->V satisfying (1.8) and 

— ™ 

for all xeU . The mapping j3(2 kJ x) and C(x,x) are 
defined in (III. 10) and (UJ.33) respectively for all x e U . 

Proof: Consider the set 

Q. = [pl p:U 2 ^V,p(Q) = 0) 
and introduce the generalized metric on Cl , 

d(g,h) = d r (g,h) 

= wf{Ke(0,co)/\\p(x)-q(x)\\<Ky(x),xeU} 
It is easy to see that (Cl,d) is complete. 

Define T :Q 2 by 

Tp(x,x) = ^ J p(ju i x,ju i x) 
Mi 

for all x e U ■ Now for all p,qeCl, 

d(g,h)<K 
=>||p(x,x) < Ky{x), xeU, 



— P ( U,x, ju,x) — \ q (^x, n t x) 



Mi 



Mi 



— p{MiX,MiX)- — q(M t x, ^x) 
M, Mi 



<—K r (ju iX ), xeU, 
Mi 

<LKy(x), xeU, 



=>\T p(x,x) -Tq(x,x)\\ <LKy(x), xeU, 

=>d r (Tp,Tq)<LK. 
This gives d(Tp,Tq)<Ld(p,q) , for all p,qefl, i.e., T is a 
strictly contractive mapping of Ci , with Lipschitz constant 



From (UJ.36), we arrive 

h(2x,2x) 



— h(x, x) 



Pix) 



(IV. 14) 



for all x e U ■ Using (IV. 14) for the case i = Oit reduces to 

h(2x,2x) 



h(x,x) 



< Ly(x) 



for all x e U , 

i.e., d r (h,Th)<L^>d(h,Th)<L<t <oo 
Again replacing x = ^ , in (IV. 14), we get, 



/M.v, ,i- Ah\ ~ 



(IV. 15) 

for all x e U . Using (IV. 14) for the case i =1 it reduces to 



<-P\\ 



h{x,x)-%h 



2 2 



<y(x) 



for all x e U , 

i.e., d r (h,Th)<l^d(h,Th)<l<L° <oo 



Now from the fixed point alternative in both cases, it 
follows that there exists a fixed point C of r in Q. such 
that 



C(x,x) = Um^(/(//," +1 x,^," +1 j:)-2/( i u I "^,//>)) 



for all x<=U, since lim (r"h, c) = . 



(IV. 16) 



To prove C:U 2 — >V is cubic. Putting (x,y,z,w) by 

tfx,tfy,tfz,M> in (IV. 11) and divide by/i, 3 " . It follows 
from (IV. 1) that 

ii / mi \\ F {M?x,M?y,tfz,M?w)l 
\\C(x, y, z, w)\\ = km O 41 

<hm — 5 ; ^ = 

,u, 3 " 

for all x,y,z,wef/ , i.e., C satisfies (1.8). 

According to the alternative fixed point, since C is the 
unique fixed point of T in the set 
A = {p e Q : d(f,p) < co},C is the unique function such that 

\\f(2x, 2x) - 8 f(x, x) - A(x, x)\\<Ky(x) 

for all xeU and K>0 . Again using the fixed point 
alternative, we obtain 



this implies 



which yields 



d(f,C)<—d(f,Tf) 



d(f,C)<—d(f,Tf) 



\\f(2x,2x) - 2f(x,x) - C(x,x)\\ ^—r{x) 

this completes the proof of the theorem. 

The following Corollary is an immediate consequence of 
Theorem 4.4 concerning the stability of (1.8). 

Corollary 4.5: Let F:£/ 2 — »V be a mapping and there 
exists real numbers X and 5 such that 



\\F(x,y,z,w)\\ 
^\\\ x f + \\y\f + \\ z f + IMf}' s K 1 or s>\; 



< 



ii ii-* ii I s ii ii s ii ii 5 ^ 3 

M\x\\ y z M , s< — ors>—\ 



l{||4 



||z|| ||w|| +{\\x\\ +\\y\\ +\\z\\ +pv\\ 

3 3 
s < — or s > — ; 

4 4 



(IV. 17) 

for all x,y,z,weU , then there exists a unique 2- variable 
cubic function C:U 2 ^V such that 

\\f(2x, 2x) - 8/(x, x) - A(x, x)\\ 
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2'- 1 (i8 + 2 s+1 );t|4 





8 -2 s 




2 4,-l 


(4 + 2 21 ) 


/l||x|| 41 




8-2 4s 




2 4,-l 


(22 + 2 2 


+ 2-2 4s )/l||x| 4s 




8 


-2 4s 



(IV. 18) 



for all xeU ■ 

Proof: The proof of the corollary is similar tracing as that 
of corollary 4.3. 

Theorem 4.6: Let / : U 2 -> V be a mapping for which 
there exist a function a:U 4 -»(0,oo] with (IV. 1) and 

(IV. 10) where # =2 if i = 0and Mi=^ if *' = lsuch that 

the functional inequality 

\\F(x,y,z,w)\\<a(x,y,z,w) 



(IV. 19) 



for all x,y,z,weU . If there exists L = L{i)<\ such that 
the function 

x^y(x) = \p(x), 

has the (IV.3) and (IV. 12), then there exists a unique 2- 
variable additive mapping A:U 2 ->V unique 2-variable 
cubic mapping C:U 2 ->V satisfying (1.8) and 

\\f(x, x) - A(x, x) - C(x, x)\\ £ I Jj_ y (*) (IV ' 20) 

for all xeU ■ The mapping /3(2 kJ x) , A(x,x) and C(x,x) are 
defined in (III.5), (III. 10) and (111.33) respectively for 
allxeC/. 

Proof: By Theorems 4.1 and 4.4, there exists a unique 2- 
variable additive function A,:C/ 2 — >F and a unique 2- 
variable cubic function C, : £/ 2 -> V such that 



|/(2*. 2x) - 8/(x, x) - A, (x, x)|| < — / (x) 



(IV.21) 



and 



|/(Zx,2x)-2/ fe ,)-Q fe x)|,— (IV.22) 

for all xeU . Now from (111.21) and (111.22), one can see 
that 



/ (x, x) + \ \ (x, x) - i C x (x, x) 
6 6 



f(2x,2x) Sf(x,x) A l {x,x) 
6 + 6 + 6 

j f(2x,2x) 2f(x,x) C { {x,x) 
1 6^ 6 6^ 



<-{||/(2x,2x)-8/(x,x)-A 1 (x,x)|| 
+ ||/ (2x, 2x) - 8/(x, x) - A, (x, x) 

for all xeU ■ Thus we obtain (IV.21) by defining 

A, (x, x) = — A(x, x) and C, (x, x) = - C(x, x) , /?(2' 1 ' x) , A(x, x) 
6 6 

and C(x,x) are defined in (III. 10), (III.5) and (111.33) for 
all xeU. 

The following corollary is the immediate consequence 
of Theorem 4.6, using Corollaries 4.3 and 4.5 concerning 
the stability of (1.8). 

Corollary 4.7: Let F:U 2 ^V be a mapping and there 
exists real numbers X and 5 such that 

\\F{x,y,z,w)\\ 



^ IMf + lb!!' + ll z ir + IIHf f ' s < 3 or i' > 3 



3 3 

^iwr iiyir iizir wr » * < — or s> —•, 



l{||x| 



s II ll v II IL II II* 

\\y\\ k w + 



{iwr 



II II 4 * II II 4 * II II 4 * ll 

+ +||z| +p| J , 



3 3 
s < — or s > — ; 

4 4 



(IV.23) 

for all x,y,z,we[/, then there exists a unique 2-variable 
additive mapping A:U 2 ->V unique 2-variable cubic 
mapping C : U 2 — > V such that 

||/(x, x) - A(x, x) - C(x, x)|| 

(18 + 2 I+1 ) 



(4 + 2 2s ) 



1 1 

|2-2' s | 7|8-2 J 

1 1 



2-2 4i 7 8-2 4s 



M\x\\ 



X llxll 



(22 + 2 2s +2-2 4s ) 



1 1 

r + - 



for all x e U ■ 



2-2 4s 7 8-2 2 



V. CONCLUSION 



X\\x\\ 



(111.24) 



The (1.8) is stable in Banach spaces via direct and fixed 
point method in sprit of Hyers, Ulam, Rasssias. 
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